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Abstract 
The aim of this paper is to deduce oscillatory and asymptotic behavior of the solutions of the ordinary differential 
equation 
L.y(t) + p(t)y(t) = 0 
by comparing this equation with a set of the advanced ifferential inequalities. 
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In this paper we consider the oscillatory and asymptotic behavior of the ordinary differential 
equations 
L.y(t) + p(t)y(t) = 0, (1) 
where n >/2, 
and 
(i) p and r i ' (to,  oo) ~ • + = (0, cx3) are continuous, 1 ~< i ~< n - 1, 
oo (ii) St0r i (s)ds=~ for l~<i~<n-1 .  
Let us denote 
1 
Loy(t )  = y(t), L iy( t )  =----;-s~ (L i - l y ( t ) ) ' ,  1 <~ i ~ n - 1, L .y ( t )  = (L . - l y ( t ) ) ' .  
ri(~; 
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By a solution of Eq. (1) we mean a function y: (Ty, ~) ---, •, such that 
(iii) Liy(t), 0 <<. i <<, n, exist and are continuous on [Ty, 0o); 
(iv) y(t) satisfies (1); 
(v) sup {ly(s)l:t ~< s < ~} > 0 for any t ~> T r. 
Such a solution of (1) is called oscillatory if it has arbitrarily large zeros; otherwise it is called 
nonoscillatory. An equation is said to be oscillatory if all its solutions are oscillatory. 
There are various techniques for examining (1). For some typical results we refer to the papers 
[1,2, 8, 14, 15]. In this paper we will use a new approach to the asymptotic properties of (1), that 
differs from the methods presented in the above-mentioned papers. The purpose of this paper is to 
study asymptotic behavior of the solutions of (1) by comparing (1) with the first-order advanced 
(zi(t) > t) differential inequalities 
y'(t) -- qi(t)y(zi(t)) >~ O. (Ei) 
There is a trend that would consider the properties of functional differential equations with delay 
or advanced arguments are studied by comparing those equations with the ordinary differential 
equations (inequalities) without deviating arguments. Efforts in this direction have been under- 
taken by several authors, see e.g. [4, 5, 9, 11]. Now, we are interested in comparison results in the 
opposite direction. We wish to derive the asymptotic properties of ordinary equations without 
deviating arguments from those of advanced ifferential inequalities. The main results of this paper 
are new and they show a close relationship between ordinary and advanced equations. 
The asymptotic behavior of the nonoscillatory solutions of (1) is described in the following 
lemma, which is adapted from [3] and [13] and contains a generalization of a lemma of Kiguradze 
[7, Lemma 3]. 
Lemma 1. Let y( t) be a nonoscillatory solution of(l), then there exist an integer l, 1 ~ {0, 1, ..., n - 1}, 
and tl >>. to with n + l odd, such that 
y(t)Liy(t) > O, O <. i <<. l, 
(2) 
( -  1)i-ly(t)Liy(t) > O, l <~ i <<. n 
for all t >1 t l .  
A function y(t) satisfying (2) is said to be a function of degree l (see [6]). The set of all 
nonoscillatory solutions of degree 1 of (1) is denoted by JV'~. If we denote by X the set of all 
nonoscillatory solutions of (1), then by Lemma 1 
JV" = YoUJ f f2v  " -  wJV',-1 for n odd, 
J[/" = J [ / ' l  U "-/[/'3 U "'" L) ~/ 'n  - 1 fo r  n even .  
Definition 1. Eq. (1) is said to have property (A) if for n even (1) is oscillatory (i.e., JV" = 0) and for 
n odd JV = Jffo- 
There is much literature regarding property (A) of (1) (see enclosed references). In the sequel we 
will use the following notation, which is due to Willett [16]. Let ik e {1, 2 .... , n -- 1}, 1 ~< k ~< n -- 1, 
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and t, s e [to, oe), we define 
Io = 1, 
fs' Ik(t,s; ri~, ... ,ri~) = r ik (X) lk_ l (X ,S ;  r i . . . .  ... ,ri~)dx. 
It is easy to verify that for 1 ~< k ~ n - 1 
Ik(t,S; rik, ... ,ri,) = (-- 1)klk(S,t; ri,, . . . ,  ri~), 
Ik(t,s; rik, ... ,ril) = ri ,(X)Ik- l(t ,x; ri~, ... ,ri~)dx. 
We denote 
Ji(t, s) = Ii(t, s; r l . . .  , ri), 
Ki(t,s) = Ii(t,s; r , -1  ... , r , - i ) .  
Now we recall the fol lowing inequalit ies for a function of degree l from [12]. 
Lemma 2. 
by Lemma 
y(t) >~ 
Lemma 3. 
associated with y(t) by Lemma 1. Then 
f) Lly(t) >~ K._~_ l (x , t )p(x)y(x)dx ,  t >1 tx. 
In the sequel we will suppose that the functions ri satisfy 
z ieC ,  zi(t) > t, l<~i<~n-1 .  
For  convenience and further references we introduce the functions 
ft 
rl (t) 
pl(t) ---- rl(t) K._2(x , t )p (x )dx ,  
f) ql(t) = rl(t) K._2(x , t )p (x )dx ,  1 (t) 
~rl(t) f sOO 
pz(t) = rl(t) rz-l(s) K~_~_l (x , t ) J l _E(X, t )p(x)dxds,  
,it 
;) f) ql(t) = rl(t) r l -  x(s) K._ l - l (x , t ) J z -2 (x , t )p (x )dxds ,  ~(t) 
where 2 ~< 1 ~< n - 1 and t is large enough. 
(3) 
Let y(t) be a positive function of  degree l, with I >~ 2. Let t l be a number associated with y(t) 
1. Then 
f f  Jl 2( t , s ) r t  (s)Ll- ly(s) ds, t >~ (4) t l .  1 
1 
Let y(t) be a positive solution of  degree 1 of  (1), with 1 <. n - 1. Let tl be a number 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
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Theorem 1. Suppose Pt and ql are defined as in (7)-(10). Then (1) has property (A), provided that for all 
16 {1,2, ... ,n - 1} with n + l odd the differential inequalities 
z'(t) - ql(t)exp~j t pt(s)ds z(zl(t)) >I 0 (El) 
have no positive solutions. 
Proof, Assume that (1) possesses a nonoscillatory solution y(t), which is eventually positive. Then 
there exists an integer I e {0, 1, ..., n - 1}, such that y(t) satisfies (2) for all t >i tl. Our objective is to 
show that the case 1 i> 1 is impossible. 
Let l/> 2. Combining (4) with (5), one gets 
Lly(t) i> Kn-t- l(x,t)p(x) J l -2(x,s)r l - l (S)Lt- ly(s)dsdx 
1 
) Kn-l- l (x,t)p(x) J I -2(x,s)r l - l (s)Ll - ly(s)dsdx, 
t ~> tl, that is 
Lly(t) >i rt-l(s)Ll-lY(S) K, - l_ l (x,t)p(x) J t -2(x,s)dxds.  
This, in view of (6) and the fact that Ll-~ y(t) is increasing, implies 
Lly(t) ~> rl- l(s)Ll- ly(s) K~-t- l (x,t)p(x) J l -2(x,s)dxds 
+ rt-l(S)Lt-ly(s) K. - l - l (x , t )p(x) J l -2(x,s)dxds 
~(t) 
~ ~(t) f sOO Lt- ly(t)  rl-l(s) K~-l - l (x,t)p(x) J l -2(x,s)dxds 
+ Lt-ly(zl(t rl-l(s K, - l - l (X,t)p(x) J l -2(x,s)dxds,  
t >~ t~. Let v(t) be given by 
v(t) - Ll- ly(t).  
Then v(t) > 0 for t 1> tl and the last inequalities together with (9) and (10) yield 
v'(t) - pl(t)v(t) - ql(t)v(zl(t)) >1 O, t >1 tl . 
Set v(t) = exp(S~ ' pt(x)dx) z(t), then it is easy to see that z(t) is a positive solution of (El). That 
contradicts the hypotheses. 
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Now, let l = 1. Then (5) and (6) imply 
f[ 
~ (0 
Lly(t)  >1 K~-2(x, t )p(x)y(x)dx 
f: + g~_ 2(x, t)p(x)y(x) dx 
r tL(t) 
>1 y(t) K ,_2(x , t )p(x)dx  
at  
+ y(tt(t)) Kn-2(x, t )p(x)dx,  t >~ t l ,  
L (t) 
where we have used that y(t) is increasing. Put v(t) - y(t). Then v(t) is a positive solution of 
v'(t) - pl (t)v(t) - ql (t)v(t l (t) ) >>. 0. 
Consequently, proceeding exactly as above we see that (El) has a positive solution. This is again 
a contradiction and the proof is complete. [] 
Corollary 1. Let all the assumptions of Theorem 1 hold. I f for  all I e {1, 2 .... , n - 1} with n + I odd 
~" ~'(') 'J~ / :r ~'(~) ) 1 
l iminf qt(x)exp l  p,(s)ds dx >- ,  (11) 
t - .o~ ot  e 
then (1) enjoys property (A). 
Proof. Noting that (11) ensures that (Et) has no positive solutions (see e.g. [10, Theorem 2.4.1]), 
this corollary follows immediately from Theorem 1. [] 
In the following illustrative xamples we show how to choose the functions t/(t) satisfying (6). 
Example 1. Let us consider the second-order differential equation 
y'(t) +~gy( t )=0,  a)O.  (12) 
At first we put t l  (t) = t 2. By Corollary 1, Eq. (12) has property (A) (i.e., (12) is oscillatory), provided 
that (11) holds with I = 1. After some computations we get that (11) is satisfied, provided that a > 4. 
Now put t~(t) = 2t, 2 > 1. Then (11) reduces to 
2 
a2 (a(1- 1/~)-4)/2 In2 > - .  (13) 
e 
By the program Mercury we find out that (13) is satisfied for a > 2.1223 (with ;L ~ 3.4514883). 
Remark 1. On the basis of the previous example and with respect o the authors' best knowledge, 
we suggest o choose t/(t) = 2/t, 2i > 1. 
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Remark 2. In general, we examine differential equations with deviating arguments by comparing 
those equations with ordinary differential equations without deviating arguments. And on the 
contrary, as we have shown in this paper, differential equations (in-equalities) with deviating 
arguments can be used for analyses of the ordinary differential equations. 
Example 2. Consider the fourth-order differential equation 
)a  y'"(t) + ~ y(t) = O, a >~ O. (14) 
Applying Corollary 1 to (14) we get with respect to Remark i that (14) is oscillatory, provided that 
and 
(1 1 1 321 422 -~- 24(1/8 - 1/32, + 1/4).2 - 1/2421) In 21 > -'e 
1 3) 1 1 2~(1/a 2- 1/62~ +1/122~)  In 22 > - .  
a 6~.22 12-223- e 
Again, by the program Mercury we see that 
a > 2.8101 (with 21 m 8.7525532), 
and at the same time 
a > 10.1313 (with 22 ~ 3.3545229). 
That is, (14) is oscillatory for a > 10.1313. 
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